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Abstract. We consider the associated linear problem for a g-analoguc of the fifth Painlcvc 
equation (q-Py). We identify a lattice of connection preserving deformations in the space of the 
connection data for the linear problem with the lattice of translational Backlund transformations 
for g-Pv; hence, show all translational Backlund transformations possess a Lax pair. We shall 
show that the big g-Laguerre polynomials, and a suitable generalization, solve a special case of 
the linear problem, hence, find solutions to q-Py in terms of determinants of Hankel matrices 
with entries consisting of rational or hypergcometric functions. 



Introduction 

The Painleve equations were isolated in the classification of second order non-autonomous 
differential equations with no movable singularities except for poles [10] . For each Painleve equation, 
there exists a system of linear ordinary differential equations with rational coefficients of the form 

(0.1) ±Y(x) = A(x)Y(x), 

ax 

such that the Painlcvc equation arises as necessary conditions so that the associated monodromy 
representation is preserved 1151 \22\ I23j . In addition to the unique continuous isomon- 
odromic deformation of (jO.ip . Jimbo and Miwa [21] identify a class of discrete isomonodromic 
deformations that may be interpreted as translations of the monodromy data. These transforma- 
tions of the linear problem, Y(x) — > Y(x), are induced by left multiplication with a rational matrix, 
R{x), via 

(0.2) Y(x) = R(x)Y(x). 

The transformed matrix, Y(x), solves 

(0.3) ±Y(x) = A{x)Y{x), 

ax 

where 

(0.4) A(x) = ( ^^-R-^x) + R(x)A(x)R(xY 

\ ax 

If A{x) is of the same fundamental form as A(x). then the unique continuous isomonodromic 
deformation of (|0 .3[) specifies that the entries of A{x) are also solutions to the same Painleve 
equation, with a possible change in parameters governed by A(x)'s monodromy data [21j . Therefore, 
we consider the transformation, (|0.2[) . as inducing a Backlund transformation. We may consider 
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this transformation as a system of difference equations in the "tilde" direction, hence, the resulting 
Backlund transformation may be thought of as the compatibility of a differential-difference system. 
Jimbo and Miwa state that all the Backlund transformations for the Painleve equations arise in 
this manner [21j . 

The discrete Painleve equations are second order non-autonomous difference equations that 
admit the Painleve equations in a continuum limit |32j . There are three types of discrete Painleve 
equation; additive, multiplicative and elliptic, which are classified according to how the parameters 
evolve [33] . The discrete Painleve equations are integrable in the sense that they possess a discrete 
analogue of the Painleve property, known as singularity confinement [17] , and many may be solved 
via associated linear problems [18L 1241 1291 13 lj . 

Some of the additive discrete Painleve equations arise as translational components of the con- 
tinuous Painleve equations, hence, (|0.1[) and (|0 . 2[) give rise to differential difference Lax-pairs for 
known Lax pairs for discrete Painleve equations [211 1221 1231 . For discrete Painleve equations of the 
multiplicative type, where the parameters change by some multiplicative constant, q 6 C \ {0} and 
\q\ i= 1, the associated linear problems are systems of linear g-difference equations |18| . I24| , |29[, I31 j . 

For systems of linear q-difference equations, represented by 

(0.5) Y(qx) = A{x)Y{x), 

where A(x) is a rational m x m matrix, we may associate a connection matrix [l] [3j [6l 1351 140] . A 
g-analogue of the sixth Painleve equation was found to be equivalent to the conditions necessary for 
a certain deformation of a system, of the form (|0.5|> . to preserve the associated connection matrix 
[24] . This condition is that deformed system is related via (|0.2|) . where Y(x) satisfies 

(0.6) Y{qx) = A{x)Y{x), 

and 

A{x) t — ► R(qx)A(x)R(x)- 1 . 

In light of Sakai's framework [33] , the discrete Painleve equations represent just one translational 
component of the group of Backlund transformations. One should expect that other translational 
Backlund transformations are expressible as connection preserving deformations. The aim of this 
article is to develop this idea in the context of the associated linear problem for q-Py found by 
Murata |29j . The version of g-Py chosen is a translational component of a birational representation 



of an extended affine Weyl group of type A^ , which we denote T4, and is given by 

*0,f>i,62 , 1 f %,h,h 



where q = \jb^b\b-2b^b^ and / and g are related to / and g via 
(0.8a) //= M2 1 ~ 9 

(0.8b) gg = 



63 (l + b 2 g)(l-b 1 b2g)' 

M> (l-&3/)(l-/) 



'2 f(h - qf) 

We intend to show that this system is just one example of the group of connection preserving defor- 
mations. In doing so, wc shall provide a basis for the lattice of connection preserving deformations, 
and hence, factorize the connection preserving deformation that defines the evolution of g-Py into 
more elementary connection preserving deformations. 
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Just as one may consider special solutions of the g-Painlcvc equations, we shall consider a spe- 
cial solution of the associated linear problem. It is the second aim of this paper to use techniques 
recently applied to g-Pyi |12j to show that the big g-Laguerre polynomials satisfy form a vector 
solution to the associated linear problem for g-Py ■ Finding this particular solution of the associated 
linear problem gives rise to a family of special solutions of g-Py, which may be expressed in terms of 
variables associated with the orthogonal polynomial framework |12j . These results bear a remark- 
able similarity to the work of Masuda, who. for a different version of g-Py, forms determincntal 
type solutions where the entries of the relevant matrix are continuous g-Laguerre polynomials |28j . 
However, this work adopts a significantly different approach to [28], as this approach is entirely 
based on the associated linear problem alone. 



1. g-calculus and g-special functions 

We first introduce some preliminary material before proceeding. The first set of theory we 
require is the notion of a g-calculus, which is an difference analogue of regular calculus. For an 
extensive reference on the g-calculus, see |25j . Just as in the introduction, we fix a g € C\{0}, where 
wc will make the additional assumption that |g| < 1. This assumption holds for the remainder of 
the paper. We consider the g-difference operator 

(1.1) D q , x f(x) = x(l _ q) . 

The g-differcntial analogues of the multiplication and quotient rule are 
(l-2a) Dq >x f(x)g(x) = f{x)D q , x g{x) + g{qx)D q ^ x f{x) 1 

= 9(x) D q,xf(x) - f(qx)D q . x g(x), 
/j 2b x D Ji x ) = 9(x)Dg,xf{x) - f{x)D qtX g{x) 

q ' X g{x) g{x)g{qx) 
If / is continuously differentiable, then 

lim D qiX f{x) = ^-f{x) 

q^l ax 

Associated with the g-derivative is the Jackson g-integral [38] . written as 
(1.3) / f{t)a q t:=z{l-q)Y,f{zq n )q n . 

More generally, we write 

nb f(t)d q t= r f(t)d q t~ [ f(t)d q t. 



We define the g-analogue of the Pochhammer symbol as 

(1.4a) (a;g) = l, 

fc-i 

(1.4b) (a;q) k = -aq r - 



n=0 



(l-4c) (a;g)oo = n( 1 



ag 
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It is also convenient to define the notation 

n 

(l-4d) (a 1 ,...,a n ;q) k = Y[(a m ;q)k 

m— 1 

We define the generalized (/-hypergeometric function as 



(1.5) 



( Ol,- 


. . , a r 




V hi,. 


..,b s 





E (ai,. . . ,a r ;q)k , ,(i +s _ r)fc (i+a-r)($) fc 



Q (fei,...,6 s ,g;g) 



which is the generalization of the basic hypergeometric function, or Heine's hypergeometric series, 
given by 



-2<>i 



a, b 
c 



The basic hypergeometric function possesses the following Jackson g-integral representation 
(1.6) 24 



a, b 
c 



(1 - q)(c,q;q)oo Jo (xt,f;q) 
The famous Jacobi triple product identity [20] defines 9 q to be 



(1 \ 00 k 

-qx, ,q;q) = ^ x k q®, 
/ OO I.— _„ 



which satisfies 

We also define the g-charactcr to be 



g (qx) = qx9 q (x). 



which satisfies the equations 

e q . c (qx) = ce g>c (x), 

These functions are useful in the classification of systems of g-difference equations 

2. Connection preserving deformations 

Given a system of the form (|0.5|) . we may consider the solution of a multiple of Y(x) by q- 
characters and g-Pochhammcr symbols that reduce (|0.5[) to a problem in which A(x) is a polynomial 
matrix, given by 

A(x) = A + Ayx + ... + A m x m . 

We shall assume that Aq and A m are diagonalizable N x N matrices. We have two series solutions, 
Yq(x) and Yoo(x), around x = and x = oo respectively. According to the theory of Birkhoff and 
Carmichael [3l [6], the series solution around x = (x = oo) converge if the ratio of the eigenvalues 
of Aq (A m ) are not powers of strictly positive powers of q [3j [6]. This case is known as the 
regular case, and covers the associated linear problem for g-Pyi [24] . This regular case mimics the 
theory concerning isomonodromic deformations of Fuchsian systems of linear differential equations 
plfllj. 
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Under the more general theory of Adams [T] , these restrictions on the eigenvalues are completely 
relaxed. One obtains a more general series solution for Yq(x) and Y^^x). In this paper, we will 
assume an expansion of the form 




(2.1a) Y (x) =Y (x)diag 

(2.1b) YM =y oo (x)diag 

where Yq(x) and Y^x) represent some series in x around x = and x = oo respectively and the 
U and ki are fixed integers. This expansion does not assume that the eigenvalues of the leading 
terms in the expansion around x = oo or x = are all non-zero. It is just one step in the full 
generalization of the series solution expansions of (|0.5|) around x = and x = oo. 

Just as in the theory of monodromy. wc consider the series solution around a; = oo, Y 00 (x) 7 
as being fundamental in the sense that we may normalize Y 00 {x) and use a connection matrix to 
express all other solutions in terms of Y oc (x). We may express Y (x) in terms of Y oc (x), thus, form 
the connection matrix, given by 

Y (x) = Y oo (x)P(x), 

where P(x) is quasi-periodic in x by definition. It is known that P(x) is a matrix over the field of 
functions spanned by elements of the 

, , , e q , c {x)e q4 {x) 

where c and d are constants |35L 1401 . We note that Y OQ (x) and Yq(x) are related to the symbolic 
solutions 

Y (x) ~A(x/q)A(x/q 2 )..., 
Y^-Aix^Aiqx)- 1 ..., 

where ~ denotes an equivalence modulo the conjugation of some set of transformations so that the 
multiplicative series converges. We parameterize the determinant of A{x) by writing 

det(A(x)) = k Y\_( x — a i) 

i 

where n = Y[i i^i- From the above expression, Yq(x) is possibly singular at q J ai for all i and j > 0. 
In a similar manner, we may not be able to define Y OQ (ai/q^)~ 1 for all i and j > 0. Hence, P(x) is 
possibly singular at {q n a,i}. We consider the connection data, M, to be 



(2.2) M 



ai 



Rather than considering the only connection preserving deformation of interest to be the one that 
defines the discrete Painleve equation, we wish to explore the space of connection preserving de- 
formations. We propose that associated linear problems possess a set of connection preserving 
deformations that have some structure that goes hand-in-hand with the Backlund transformations. 
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We now consider transformations of the form (|0.2p . Note that if R(x) is some rational invertiblc 
matrix, then 

Y(qx)=R(qx)Y(qx), 

= R(qx)A(x)Y(x), 

= R(qx)A(x)R(x)- 1 R(x)Y(x), 

= A(x)Y(x). 



where 

Furthermore, 



R(qx)A(x)R(x)- 1 = A(x). 

P{x)=Y oo (x)- 1 Y {x), 

= Y oo (x)- 1 R(x)- 1 R(x)Y (x) = P(x), 

hence, A(x) and A(x) possess the same connection matrix. The compatibility can be seen when 
one tries to compute Y(qx), as we require A(x)Y(x) = R(qx)Y(qx), imposing the constraint |24|, 
[291I3T1I34] 

(2.3) A(x)R(x) = R(qx)A(x). 

We now endow the set of transformations with some group structure. Take two matrices, R\ and 
i?2, inducing transformations 

Y(x) = R 1 {x)Y{x), 
Y(x) = R 2 (x)Y(x), 

then, 

(2.4) Y(x) = R 1 {x)R 2 {x)Y{x) = R 1 (x)R 2 (x)Y(x). 

The composition of these two connection preserving deformations is represented by (|0.2[) where 
R(x) = Ri(x)R2(x), which, by consistency, must also be Ri(x)R2{x). 

To determine the form of R(x), we are required to examine the determinental constraint. By 
taking determinants of ()0.5|) . one finds that dety(.x) satisfies the scalar equation 

dct Y(qx) = dct A{x) dct Y(x). 

Using the functions specified in §1, it is clear that we may solve this in terms of g-exponentials and 
thcta functions. If we know how the connection data changes this determinant, then deti?(a;) is a 
rational solution of 

Het Y 

(2.5) det ^dcT7- 

Further information regarding the asymptotics of R may be inferred from 

R(x) =Y QO {x)Y 00 {x)-\ 
= Y (x)Y (x)-\ 

where use may be made of the known asymptotic forms and the changes to the connection data 
expected from the connection preserving deformation. 
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2.1. Parameterization of q-Py. The information one is required to specify to obtain q-Py 
is minimal |29j . From the connection preserving deformation theory, we take a linear problem of 
the form (|0. 5|) where A is a 2 x 2 polynomial matrix, which we parameterize by letting 



A(x) = A + Ayx + A 2 x 2 = (fly(a;))i,j=i,2. 

We specify the following properties: 

• The determinant of A is 

(2.6) det A(x) — KiK2(x — fti)(x — a2){x — a^). 

• The solution at x = oo is specified by 



2 





(2.7) Y^ix) = 

• The solution at x = is specified by 

(2.8) Y (x) 

where Co diagonalizes A(x) at x = 0. 

We note that the series solution around is handled by the theory for the regular case pH [6l I24j , 
and the form of the solution around oo is of particular interest, as it deviates from the regular case, 
and is handled by the theory for irregular case [T]. It should be noted that the above asymptotic 
expansions around x = oo seems valid for the associated linear problem for cases below q-Py in 
Muratas' work [29], however, the expansion around x = for g-Py is different to those systems 
below q-Py in the hierarchy. The expansion of solutions for Jimbo and Sakai's associated linear 
problem for g-Pyi |24| is different in that we must replace the single factor of 8(x/q) in (|2.7p with 
9{x/qf. 

As a 2 x 2 system with the above properties, this specifies that one of the eigenvalues of A2 is 
0, and the other is K2, meaning that we may specify 



A, = 





K 2 



This forces the top left entry of A\ to be K\. This also constrains the eigenvalues of Ao, Ai and A2, 
to be non-zero, with the additional constraint that 

A1A2 = —KiK2aia2(i3- 
This specifies that the connection data is given by 



M 



a-i a 2 a 3 

Kl K2 Al A2 



with the implicit relation above. 

This associated linear problem must be parameterizable in terms of three free variables, y, z 
and w. Following the work of previous authors [291 124] . the three parameter parameterization is 
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completely specified by the conditions 

012 (x) = w{x - y), 
an(y) = kiZi, 
022(2/) = k 2 z 2 , 

where w is a parameter that encapsulates the gauge freedom of the system. Evaluating the deter- 
minant at x = y reveals 

z\z 2 = {y - ai)(y - a 2 )(y - 03). 

We remark that this type of parameterization a theme that arises in the associated linear 
problems for the associated linear problems for the continuous Painleve equations, Pi-vij a s listed 
in the work of Jimbo et al. This theme is followed in the parameterization for the associated 

linear problems for the q-Painlevc equations [241 129] . A general form for this parameterization for 
our system is 

, on ^ ,/ \ fKi(x-y + Z!) n 2 w(x-y) \ 

(2 ' 9) A{X) ={ K2 ((x-a) { x-y) + z 2 ))- 

We know 

trace^4(0) = Ai + A 2 

is a linear in a, from which we obtain 

/o in N U K 1- Z 1 K 1 - Z 1 K 2 + Ai + A 2 

(2.10a) a— . 

yn 2 

Equating the coefficient of x 2 from (|2.9p with the coefficient of x 2 in (|2.6p gives 

(2.10b) 7 = ai + 02 + 03 - 2y + z\ - a. 

Equating the det A(Q) from (|2.9p with AiA 2 gives 

^ 2 10c ^ s = «i«2 (2/ ~ zi) (ya + zi) + A1A2 

ynxK 2 

Finally, equating det^4(y) from (|2.9p with the case when x = y in (|2.6p gives 

(2.11a) Zl = (^-y)( a2 -y) } 

z 

(2.11b) z 2 = (y-a 3 )z. 

which represents a different parameterization from Murata |29j . The reasons for this will become 
apparent later. 



Where the parameterization of the associated linear problem for Pj appears to an exception, however, of the 
bottom left entry is an equally valid choice. 



A STUDY OF THE ASSOCIATED LINEAR PROBLEM FOR g-P\ 

Computing the first few Y& and Yq in (|2.7p and (|2.8[) reveals 



(2.12) 

Y^x) 



1/ x \ 7Kl i(v+ a 

\ WK2 q—X 




(q) e 9,K 2 ( :Z: ) / 



(2.13) 

Further terms may be calculated, however, it is difficult to write them in a succinct form. 
We are now able to specify which connection preserving deformation gives rise to g-Py 

/o-m\ / ai a 2 a 3 1 / gai qa 2 a 3 

(2 - W) 1 «x ^ Ai A 2 ^'Hi f f A, A 2 

When we consider this as being induced by a transformation of the form (|0.2p . Since /ci and k 2 
changed in the transformation, using (|2.7[) . 



(2.15) i?(x) = r^Ffa:) -1 - -i 

as x — > oo, and since the Ai and A 2 are unchanged in the transformation, 

R{x) = Y(x)Y(x)- 1 - I 

as x — > 0. We also have that 

detR(x) = i -, 

(x - qai)(x - qa 2 ) 

hence, R(x) is a matrix of the form 

xl + Rq 



(2.16) R(x) 



(x - qai)(x - qa 2 ) ' 



We parameterize Rq by letting Ro = (?"ij)jj=i, 2 . We shall see that (|2.3[) specifies both the entries 
of Ro, and the evolution of the entries of A in the tilde direction. 

Theorem 2.1. The transformation of connection data given by (|2 . 14[) induces the following rational 
transformation 



(2.17a) 



w qn\ 1 



W K 2 



(2.17b) yy = a 3 

(2.17c) z. 



K2 

qM \ ( ~ , <?A 2 



Zn + 



K 2 a 3 / \ K 2 a 3 



~ - — 

«2 



gKi (y - oi) (y - o 2 ) 
«2 (y - a 3 ) 
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PROOF. The simplest way of finding Rq is to determine what values of are required for the 
leading non-vanishing terms in (|2.3[) to be zero. This gives us the matrix 

( q{y -y + a-a) \ \ 

1-9 



(2.18) 



Ro 



q(w — w) 



\ k 2 



7 



g(y-y + a-a) 
1-9 



gai + qa 2 



By equating the residue of the upper right entries of the left and right hand sides of 
and x = qai is equivalent to 

k 2 {aiq + 6 22 ) w (aiq - y) + b 12 Kx (qai - y + zi) 



at x = qa\ 



(a\ - a 2 ) q 2 

K 2 (029 + ^22) w{y- a 2 q) + bi2«i (~gQ2 + V - Z\) 
(at - 02) g 2 

in which we may deduce that ri2 and r22 are 

k 2 w (y - qa{) (y - qa 2 ) 



= 0, 
= 0, 



r\2 



r 22 = 



KlZl 

(y - qai) (y - 9^2) 

Zl 



-q(ai+ a 2 ) + y. 



Equating the representation of r 12 directly above with that of (|2 . 18[) gives (|2.17a|) . Similarly, 
equating the residues of the upper right entry of (|2.3[) at x = a\ and x = a 2 with gives 

qw (y - 01) (y - a 2 ) 



{y - Oi) (y - a 2 ) - z 2 ' 

The compatibility of this with (|2.18|) gives (|2.17cj) . The leading non- vanishing asymptotics of the 
lower right entry of (|2.3p reveals 

q (y + a - y - a + (ai + a 2 ) (1 - g)) 



''22 = 



q-i 



A comparison of this and (|2. 18[) gives (|2. 171)1) . 



□ 



An important tool in the work of Jimbo and Miwa in the continuous isomonodromic deformation 
theory [21] was to use the expansions of the fundamental solutions to obtain the relevant Lax pair. 
We wish to extend this method to systems of g-difference equations. We present another way to 
obtain Rq, we extend the expansion of (|2.16[) around x = oo to reveal 

( 1 , qai + qa 2 + ru rjx_ 

r 2 



X- 



\ 



Til 

J2 



X 

1 qai + g< 

x 



'■3 



X' X X* 

then compare this expansion with the large x asymptotics of Y(x)Y~ 1 (x) using (|2.12|) . given by 



f 1 qai + ga 2 q(y - y + a - a) 
x x 2 (g — \)x 2 



\ 



1 

.r 



q(w — w) \ 

9(2/ - y + « - a ) 



o 



1 



WWK2X 2 x (g — l)x 2 / 

which, somewhat remarkably, recovers (|2. 18|) . This new method is one that we will exploit in the 
coming section. 
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We may identify (|2.17b|) and ()2.17c|) with the evolution of JtESJ) by letting 
(2.19a) y = 

a 3 K 2 
Ai 



(2.19b) 

with a correspondence between parameters given by 

,„, n i , a 3 ^ a 2 K 2 L A 2 L Ai 

(2.19c) fe = — , &i 



ai a2 A2 Ai a 3 qni 

We would like to remark that this choice of connection preserving deformation, where the 
ki,k 2 —* Ki/q, n 2 /q , is different to that of Murata |29| . where the eigenvalues, Ai, A2 — * q\\,q\ 2 . 
However, the birational transformation given by [29] is equivalent to (|2.17b|) and (|2.17c|) . hence, 
we note 

a\ a 2 a 3 If ai a 2 a 3 

ki k 2 Ai A 2 ' ' J \ g/ci <?k 2 gAi gA 2 ' 

is non-trivial translation of the connection data but represents a trivial element of the Backlund 
transformations on both the set of parameters and the variables y and z. 

2.2. Translations. It is at this point we depart from the theory most notably established by 
the previous authors [211 I24L 129] . Although connection preserving deformations are well estab- 
lished, previous authors have not fully explored cases of connection preserving deformations apart 
from those that define the relevant discrete Painleve equation. It is the task of this section to show 
all translational Backlund transformations are induced, on the level of the linear system, by trans- 
formations of the form (|0.2p . The translations of the connection data are generated by elements of 
the form 

a\ a 2 a 3 . 1 / Q Sl ' a \ q Sli a 2 q &3i a 3 



y Ki k 2 Ai A2 J Ki h 2 q 1J Ai q ~ J \ 2 

f ai a 2 a 3 1 J ai a 2 a 3 

k 2 Ai A 2 " y ' J ~* \ g*««i 9 52 -k 2 g^Ai g 4 «A 2 ' V,Z 

We shall denote the matrices that induce these actions by Rm^jix) and R Ki) \ j (x). 

We first start with a set of symmetries of A(x), which must possess the same connection matrix 
in a trivial manner. These symmetries may be seen to be induced by the matrix R(x) = /. These 
are given by 



a 1 


«2 








K 2 


Ai 


A 2 


a x 


(>2 


a>3 




Kl 


K2 


Ai 


A 2 


«i 


a 2 


(i;>, 




Kl 


H 2 


Ai 


A 2 



y-a 3 

r i : i ... „. x. \_ _ \. 



a 2 


"1 


a 3 






Ko 


Ai 


A 2 


Ol 


«:», 


a 2 






K2 


Ai 


A 2 


«i 


"2 


as 




Kl 


Ko 


A 2 


Ai 



y - a 2 

r 2 ■ <. ' ' \~ x : V, z > — > < " " . " , : y, i 

y Kl K 2 Al A 2 J (_ Kl K 2 A 2 Al 

The idea is now that we obtain three translations, given by T K1 T K2t \ 2 and T ait \ 1 . The remain- 
ing translations may be found via compositions of the above listed symmetries with these three 
translations. 
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We outline our first translation as 

( ai a 2 a 3 1 ( a 2 a\ a 3 

KlM ' 1 ki k 2 Ai A 2 ' y,2 J \<?ki k 2 gAi A 2 - y ' 

We know that 

det A = qkik 2 (x — a\){x — a 2 ){x — a 3 ) 
hence, the determinant is proportional to x. Using (|2.15[) . the behavior at x = is 

R*M~& + oto) e j Ax) ) e j 2ix) y\c 0+ o(x)r\ 

J) Ca 1 + 0(x), 



Co 



x CP 




hence, the degree of the entries of R Kll Xi in x are bounded from below by zero. We then obtain a 
representation of R K i,Xi by expanding Y^Y^ 1 using (|2.12|) up to polynomial terms, giving 

( qy - qzi + - qy + qz x - qj 



\ 



+ x 
1 - 1 . 



K 2 W 

We may now use the compatibility condition, 

RK 1 ,\ 1 (qx)A(x) = A(x)R KuXl (x), 
to evaluate the relationship between y and z and y and 2, which is given by 

a 3 y 2 K 1 (a 1 a 2 K2-q\i) _ QagKlfa^glKj/^ag) i _ \ /"_ _ \ 
~ a\a2K\— z\\ z v y 1 V 3 y) 

y 2 Kl(aia 2 K2 — <?Ai) / \ 

aia2«l— z\\ J z \ ° y / 

. _ gj/^iAi (y - ai) (jjj - a 2 ) 

k 2 (zAi (a 3 - y) y + aia 2 a 3 Ki (y - y)) ' 
The inverse of this map is obtained by solving for y and z in terms of y and z, 

a3K2 £^+9M gAl) + qXl(ai ~f (a2 ~ i] + aia 2 K 2 (a 3 - y) 

K,2y 2 (a.3K.2.(ai+a2-y)-q\l) , K,2V{ai -y) (02 -y) 
a 3 K 2 z+q\ 1 z 

z ~ _ Ki (qyXi (y - a\) (y - Q2) + aia 2 a 3 K 2 (y - y) z) 
K 2 Xi{y-a 3 )y 

Let us identify 

f 01 a 2 a 3 1 f a 2 ai a 3 

K2 ' Aa ' 1 ki k 2 Ai A 2 ,y ' J \«i 9^2 Ai gA 2 ' y ' Z 

as a transformation of the form (|0.2p . Using similar logic to the case above, the determinant of 
R(x) is x, and we find that the degree of the entries of R in x are bounded from below by zero, 
hence, we may obtain a representation of R K2t \ 2 by using (|2.12| to obtain an expansion of Y^Y^ 1 
around x = 00. Up to constant terms, this gives 

(1 qui 
7 K i x+ ~<iy + qy-qa + qa 
wk 2 q — 1 
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We use the compatibility condition, 



to show 



y 2 K2\i(a 3 K 1 +\ 2 ) , X 1 (y-a 1 )(y-a 2 ) , / x 

Kifaaz^+Ai) + 5 +aia 2 «;2 («3 - V) 

yy = 

yy Ai(a3KiK2(v-ai)(y-a 2 )+Ai(^K.i+A 2 )) _ Xi{yK 1 -\-\ 2 ) 5 

a3/ti2(a3Z/t2+Ai) 03^12 

y«i (y - oi) - 02) 



K2y (fl3^ - y(y + z) + y 2 ) + Ai (y - y) ' 
Conversely, one may solve for y and z in terms of y and z, which is given by 

a 3 y 2 K 1 (X 1 -a 1 a2K 2 ) agWiCg— giKg— "2) 1 \ /_ r;\ 

- _ y («i (y - Qi) (y - «2) + yzK 2 {y - y)) + z\ 1 (y - y) 
yn 2 (y - a 3 ) 

We require one more transformation, before the remaining transformations may be derived via 
the use of suitable symmetries of A(x). The required transformation is 

/ ai a 2 a 3 \ ( qai a 2 a 3 



«i k 2 Ai A 2 J |_ «i k 2 qXi X 2 

Note that the determinant of R a i,\i is given by 

x 

detR ai \j = ■ 

x — 

We also note that by similar logic to the above two cases, the behavior around x = is constant 
plus terms of order x. The behavior at x = oo is also constant plus terms of order l/x. Hence, 
-Rai.Ai is of the form 

(2.20) R aiM = ^±^°. 

x — qai 

Expanding (|2.20p of around x = oo, gives to the first two leading orders, 

i?o + qai ^ ( 1 



RaxM =1+ +0 



x 



,•2 



whereas, expanding Y^Y^ 1 to the first two leading orders from (|2.15|) gives 
Equating these gives 



/ -qy ~ g7 + iz\ +qy + qi~ qzi ^ qw - qw 

(q — l)x x 
^Kiw — WKij qy + qa — qy — qa 

V wxk 2 w (q — l)x 



14 



CHRISTOPHER M. ORMEROD 



Lastly, we use the compatibility, 

R Kl ,\ 1 (qx)A(x) = A(x)R Ku \ 1 (x), 



to show 



a 2 yni (y - ai) (a 3 n 2 z + q\i) 



Ai (gy/ti (y - ax) + zn 2 (a 3 - y) z) + a 2 a 3 K 1 n 2 (y ~ &i) z' 
!)- 



aiy 


(11(12/^1 — -Z Ai 


ai{y-a 1 )(a 1 a 2 Ki-zX 1 ) 


(03— oi)z 2 k 2 A 2 


a3«2{^Ai-aia2Ki) 


1 0,2 K2 (02^3^1- z Ai) 



and the inverse 

a 2 a 3 f4;/ 2 (a3Ki+Ai) (02— 5)(o203«l«2§+5fAi) . , 

a ;n 2 z+ q x 1 + I + a 2 K 2 Ai (a 3 - J/J 

77 = Z 

<?KiAi(a 2 -j/) 2 g«2Aiy 2 (a 3 Ki + Ai) . / , , --, ' 

3 aa^+gAx + ° 2K2 l a 2 a 3«l + X lV) 

^ _ (y - ox) (gj/Ai (g - a 2 ) + a2«3^2 (j/ - y) z) 
k 2 Xi (y - a 3 )yz 

The remaining generators for the translations of the connection data may be obtained by 
suitable conjugation of the symmetries, ro, r\ and r 2 . Hence, we list the remaining generators as 



-*-Gl2,Al 


= r 





T ai ,\ t r , 






-^03 ,Ai 


= n 





ro ° T ait x! To 





rx, 


-^2, A2 


= r 2 





ro ° T aiM ° 7- 







Ta 3 , Ai 


= r 2 





n r T aiM 





r n r 2 




= r 2 





T Ki m r 2 , 






T K2 .\ 1 


= r 2 





T K2 ,\ 2 T 2, 







which generates the full set of translational components of the connection data. The symmetries 
also give us a matrix representation of the for (|0.2[) for each translation. By (|2.4p . we are able to 
express any connection preserving deformation as a product of R matrices. 
In this way, we may think of the evolution of q-Py as being given by 

q-Py = T aiM o T a2jA2 o T' 1 ^ o T"^. 

This theory also strongly suggests a factorization of the matrix that defines the evolution of q-Py. 
It is also possible, via the transformations above, to express all the R matrices in terms of untildcd 
variables, hence, factorizc any Schlcsingcr transformation into matrices specified above. 

The above information is sufficient in allowing us to form the lattice of translational Backlund 
transformations for (|0.7[) . We note that the lattice, A^\ is spanned by basis elements with the 
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following effect on the hi 



1 o\°o ) - 




1 l\ u 0> 


— u 0, 


J -2\vo) 


- hr* 

— °0j 




- hr. 


1 4 \y0) — ~ 


T (61) 


- h 
(i 


Ti(h) 


= qh, 


T 2 (h) 


= h, 


T 3 (h) 


= h, 


T 4 (b 1 )=b 1 


T (b 2 ) 


= b 2 , 


Ti(o 2 ) 


_ b 2 
<1 


T 2 (b 2 ) -- 


= qb 2l 


T 3 (b 2 ) 


= b 2 , 


T 4 (b 2 )=b 2 


T (b 3 ) 


= b 3 , 


Ti(b 3 ) 


= h, 


T 2 (b 3 ) 


<1 


T 3 (b 3 ) 


= qh, 


74(63) =63 


Mb 4 ) 


= h, 


Ti(o 4 ) 


= b&, 


T 2 (b 4 ) 


= b 4 , 


T 3 (b 4 ) 


- h A 

1 


T 4 (b 4 ) = qb 4 



q 

We identify the five elements of the basis of translational components of the Backlund transforma- 
tion as being equivalent to the following connection preserving deformations: 



To 



Ti 



To 



T 3 



T 4 



TqT 4 T 2 T 3 T 4 



ox 


0,2 


a 3 




«I 


ft 2 


Ax 


A 2 


Ox 


"2 


a 3 




Kl 


K 2 


Ax 


A 2 


a 1 


"2 


«.'! 




Kl 


K 2 


Ax 


A 2 


a 1 


"2 






Kl 


K 2 


Ax 


A 2 


"1 


0,2 


a 3 




Kl 


K2 


Ax 


A 2 


"1 


"2 






«1 


K2 


Ax 


A 2 



y,z 



y,z 



y,z 



y,z 



y,z 



y,z 



ai qa 2 qa 3 
«i k 2 qXi 

ai/q a 2 /q 2 

Ki 



q 2 n 2 



0A2 
a 3 /q 

Ax/g 



ox 
«I 

Ol 

g«i 

oa 1 
«x 

01 

OKI 



"2 
02 

ga 2 

02 
g«2 



03 

Ai A 2 /g 
03 

Ai gA 2 



03 
gAi 

03 
q\i 



qM 
?A 2 



A2/<7 

y,z 
y,z 

■■ y,z 



y,z 



The last translation is an identity on the space of parameters and of the Painleve equation itself as 
discussed previously. Using (|2 .4[) and the R matrices that specify each connection preserving defor- 
mation, we may obtain a Lax pair, (|0.5|) and (|0.2[) . for each translational Backlund transformation. 

We note that tq, r\ and r 2 are Schlesinger manifestations of symmetries of the Painleve equation, 
however, there are two symmetries that we have been unable incorporate into this theory. One 
symmetry seems to correspond to a switch of the asymptotic behaviors of single columns between 
solutions at x = and x — oo, which we cannot, at present, see how this may be induced by 
the left multiplication of a rational matrix. The other is a Dynkin diagram automorphism. The 
full presentation of Backlund transformations may be derived from Sakai's' work [33] . Further 
investigation is warranted into how these other symmetries of the Painleve equation may manifest 
themselves as symmetries, or perhaps more generally, as connection preserving deformations of the 
associated linear problem. 



3. o-differential equations for orthogonal polynomials 

We now move towards the second aim of this paper. This being a special orthogonal polynomial 
solution to the associated linear system above. We shall give a brief account of the theory of q- 
diffcrential equations satisfied by g-orthogonal polynomials. We note that our approach, which is 
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based on an extension of an approach of Laguerre [12L I26L 1271 1361 . is one of many approaches 
found in the literature [2], [8] . Some have been known to produce discrete Painleve equations |36| . 

Given a sequence of moments, {Mfc}fc°=o' one mav define the linear form on the space of poly- 
nomials so that 



(3.1) 

If the determinant, 
(3.2) 



A„ = det 



L(x k ) = fx k . 
( no Mi .. 

Ml M2 ■ ■ 



Mn-1 \ 
Mn 

M2n-1/ 



\Mn-l Mn 

where A = 1, does not vanish for all n £ N, then the polynomial sequence, (p n )neNj where p n is 
of degree n, is uniquely defined by the condition 



L{pi(x)pj{x)) = 5 i:j . 



We also define 



(3.3) 



£„ = det 



/ Mo Mi 
Mi M2 



Mn-2 Mn 
Mn-1 Mn+1 



\Mn-l Mn ■ ■ ■ M2n-2 M2?^ 

with initial values, T,q — and Ei = Ml- I n letting {a n }^i and {Aij^Lo be 

2 A„_iA ra +i 



(3.4a) 

(3.4b) 

then 
(3.5) 



A 2 

+ 1_ _ 

A n +i A n 



, ^ri+1 £„ 
"n =-Z "7 — i 



a„+ip n+ i(x) = (x - b re )p n (x) - a„p„_i(a;). 



This is known as the three term recursion relation |37| . 

The moments specify a Stieltjes function, or moment generating function, defined by 



(3.6) 



k=0 



From this, we define the associated polynomials and associated functions via 

(3.7) f(x)p n (x) = 0„_i(x) + e n (x), 

whereby multiplying (|3.5p by / reveals that {enj^Q and {(j) n -i}^ =1 also satisfy ()3.5|) . We param- 
eterize the orthogonal polynomials as 

(3.8) Pn (x) = Pn X n + Pl^X 71 ' 1 + p 2 , n X n ~ 2 +..., 

where 

o A^ 



(3.9) 



A 



ra+1 
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Using (|3.5[) . we are able to provide a parameterization of the coefficients of p n and e n in terms of 
the di and the 6; . The first few leading terms in the expansion of p n and e n around x = oo are 

(n-l 
x n - Z" 1 ^ 6i 
i=0 

(n — 2 n — 1 n— 1 

E E 6A -E a ?] +0 ^" 3 ) 
i=0 j=i+l i=l 

(3.10b) e„ =p-* j x-"- 1 + x- n ~ 2 ^2 h 

\ i n+1 



i=0 j=0 1=1 



Identifying (|3.10|) with (|3.8p reveals 

Pn-l 



ft, 



ft,, 



Pn 

PnT Pn+1.1 



Pn Pn+l 

Another useful formula is obtained by equating (fp n )p n ^i with (fp n -i)Pm giving 

(3.11) <t>n-lPn-l - 4>n-2Pn = £ n -lPn ~ EnPn-1 = • 

We now impose a structure that may be associated with g-orthogonal polynomial systems. We 
assume that there exists a recurrence relation for the moments, expressed in terms of the moment 
generating function as 

(3.12) W(x)D q , x f(x) = 2V(x)f(x) + U(x) 

where W(x), V(x) and U(x) are polynomials. Assuming that the linear form may be expressed in 
terms of the Jackson ^-integral 

(3.13) L(f(x)) = [ w(x)f(x)d q x 

J a 

for some weight function, w(x), one may prove 

W(x)D q>x w = 2V(x)w(x). 
We call W(x) and V(x) the spectral data polynomials |12l 127] . We define 

\Pn-l w 

The following theorem may be seen as a consequence of the work of Magnus [121 127j . 
Theorem 3.1. The matrix, ty n , is the solution to 

(3.14) A,,*** = J5f n *„, 
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where 

1 j " (W - 2x(l - q)V) W®n-1 On-l - V - (x - 6„_ 1 )9„_ 1 J ' 

and 9 n and i7„ are polynomials of bounded degree, specified by 

(3.16a) 6„ = W{e n D q , x p n ~ p n D q , x e n ) + 2Ve n (p n - x(l ~ q)D q , x p n ), 

(3.16b) ft n = a n W(e n ^iD q , x p n - p n - 1 D q , x e n ) 

+a n V(p n e n -i +p„_i£„) - 2Vx(l - q)a n e n _ 1 D q>x p n . 
For a detailed proof, we refer to [12] . Using (|3. 1 0[> . the degree of f2 n and <f>„ are bounded by 
(3.17a) deg x 6„ < max(deg x W - 1, deg x V - 2, 0), 

(3.17b) deg x ft„ < max(deg :c W, deg^ V - 1, 0). 

Furthermore, by substituting the known expansion of e„ and p n , given by (|3. 10[) . into (|3.16a[) and 
(I3.16b[) . we may evaluate all terms of fl n and 0„ in terms of the Oj's, frj's and pi's. 
Using theorem 13. 11 we define the matrix 

(3.18) L n = I-x(l-q)^ n , 

so that we express the ^-differential equation as a system of linear g-difference equations of the 
familiar (see [IimmHHHallEllMlHQ]) form 

(3.19) * n (gs) = L n (x)* n (x), 
where L n (x) is rational, and given by 

/ (q-l)x(n n + V)+W 



(q - l)xa n Q r 



\ 



(3.20) 



L, 



W -2x(l-q)V 
(q - l)xa n @ n -i 



W -2x(l-q)V 
(q - 1)X (9„_ 1 (fe„_ 1 - X) + n„_! + V) + W 



\ W-2x(l-q)V 
We notice that by p. lip , the determinant of ^> n is 

(3.21) det* n V^ n -i-Vn-itr 

This useful identity gives us that 

(3.22) det£„ = 



W - 2x(l - q)V 



J 



w 



a n w 



w(x) 



W 



w{qx) W -2x(l-q)V 
In addition to the ^-differential equation in x, (|3.5[) is equivalent to 
(3.23) *n+i(a?) = M n (x)V n (x), 

where 

M n (x) 



X—byi 
1 







The compatibility condition between (|3 . 1 9[) and (|3.23[) is 

L n+ i(x)M n {x) = M n (qx)L n (x), 

which implies 

(3.24a) Cl n+1 (x - b n ) + Q n (qx - b n ) - x(l - q)V = a£ +1 6 n+ i - a^9„_i 

(3.24b) 6„ {qx - b n ) + 0„_i (&„_! - x) = Q n+1 - Sl n -i- 
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These equations arc q-diffcrcntial analogues of the Freud-Laguerre equations |27| . We should also 
mention that there is a ladder operator [7] approach to finding the g-diffcrcncc equation satisfied 
by the orthogonal polynomial system [8] . 

In addition to the differential system in x, we note that there is additional structure to be 
obtained from the methods above. We shall explore the relation between a system of polynomials 
polynomials, {p n }, associated with a weight function, w, to a system of polynomials, {p n }, with 
associated weight function, w, which is, a priori, a rational multiple of w. In a previous study |12) . 
this was considered a t shift, however, we find that the concept, although very fruitful in continuous 
systems |27j , is not congruent with current trends in discrete Painleve equations [301 1331 . We wish 
to take a slightly different approach to the material presented in |12l , and to caste the deformation 
theory in a similar manner to §2. 

The first deviation from previous material lies in an equivalent regularity condition, which we 
take to be 



where R and S are polynomials in x. This implies a recurrence in for the moments, governed by 



where T is a polynomial in x. These types of conditions, namely (|3.25|l . are specify the relation 
between the sequence {^k}kLo anc ^ the sequence {jik}kLo 01 13 H21 127] . We find that in order for 
this system to be consistent, the two was of calculating D qx w and D q x f must agree, imposing the 
constraints 



Rw = Sw, 



(3.25) 



Rf = Sf + T, 



2V(x) S(x) _ S{qx) 2V(x) 
W(x) R(x) ~ R{qx) W(x) 

2V(x) T(x) _ S(qx) U(x) 
W{x) R{x) ~ R{qx) W{x) 



R(x)' 



: i?(x)' 
T(x) 



S(x) 



The following theorem specifies the relation between \& n and ^ 



Theorem 3.2. The matrix, is related to ^ n via 
(3.26) f n = 



where 



(3.27) 




and H„ and are polynomials of bounded degree, specified by 

(3.28a) = Se n p n - Re n p n , 

(3.28b) H„ = a n Se n -ip n - a n Re n p n -i. 



PROOF. Using ([3~25]) and (j3~7)l . 




hence, we may define the polynomial, $„, to be 



Rp n <t>n-l - Sifin-xPn - Tp n p~ n = Se n p n - Rl n p n = $„. 
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By fljTTTJ), 

{a n Pn-l<t>n-l - a n p n (t>n-2)$n = Rp n <t>n-1 ~ S(j) n -ip n - Tp n f n , 

hence, we define S„ via 

(3.29a) 0„_ip„S„ = n _i [a„p„_i$„ + Sp n ] , 

(3.29b) =p„ a n (j> n -2,§ n + R(j) n -i-Tp n . 

The second line, (|3.29b[) . is equivalent to the definition of p n from (|3.27p . Hence, to show p n is 
congruent with (|3.27[) . we need only show that S„ is polynomial and that it is given by (|3.28b[) . To 
show S is given by (|3.28b[) . dividing (|3.29a|) by <f) n -iPn reveals 

„ _ a n Pn-l<&n Sp n 
^n T" , 

Pn Pn 

whereby using (|3.28ap implies 

n 

Pn Pn 

Using (|3.11j) . reduces the above to (j3.28b|) . To see E n is a polynomial, dividing (|3.29bj) by p„0„_i 
shows 



(3.30) 
(3.31) 



<&„ R(pn-1 Tp r , 



0n-l 



R<j>n-l TPn 



<j) n -l 0„_i ' 
Rp n (j>n-1 ~ S<t>n-lPn ~ Tp n f n 

where use of p. lip reduces this to 

S„ = a„i?p„_i0„_i - a n S(j) n ^2Pn ~ a n Tp n -iPn- 

To see that e„/tu satisfies the same q-diffcrcncc equation, note that 

fpn = 4>n-l + ?n 



rs-1 Vn-l 



/ 



-Pn 



s 



S T 
R J R 



S 



Pn 



a n $ n p n -i 



1 — <n / i 

— ((/> n _i +e„) + ^ ( 



+ £n-l). 



Seeing as (|3.29bj) defines <fi n -i in terms of p n , which is given by (|3.27|) . the remaining terms give 
hence, e n /w satisfies 



^n Hn^n 

£-n , , ^n 7T ^n—li 

tx H 



^n ^n ^n ®>n^n ^n — 1 

W n S W S W 

The second line, which defines p n -i and e n -i/w, is obtained from (|3.5p . □ 

In the same manner as theorem 13. 11 the terms p n and e„ appear together, hence, the degree of 
the polynomials, S„ and <J> ra , have bounds on their degree in x given by 

(3.32a) deg^, S„ < max(deg x R — 1, deg x 5 - 1, 0), 

(3.32b) dcg,, $„ < max(deg :c R - 2, dcg x S). 
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This means that 3 n and $„ may be computed explicitly in terms of the a^s and b^s using (|3.10D . 

The above system is subject to compatibility with all the previously established recurrences. 
We note that (|3.21|) implies 

(3.33) de tJ»„ = ^ = ^. 

wa n a n S 

We shall explore some options for particular choices of deformation. This above is a generalization of 
the theorem that appeared in |12j . however, this type of deformation has a deeper history [9) , 1191139] , 



4. The Big q-Laguerre Polynomials. 

The big g-Laguerre polynomials and q-Py are degenerations of the big q- Jacobi polynomials and 
q-Pyi respectively. We shall establish that a simple generalization of the big g-Laguerre polynomials 
forms a column vector solution to a special case of the associated linear problem for <?-Pv- The 
monic versions of the big g-Lagucrre polynomials defined as 



(4.1) 



Pn 



=:s</>2 



q-",0,x 
aq, bq 

1 



q;q 



{b- 1 q- n ;q) r 



, aqx 
aq 



q; ~b 



are orthogonal with respect to the linear form 

(■(! (j 



(4.2) 



where 



(4.3) 



L (f) = w(x,a,b;q)f(x)d q x, 



bq 



w(x, a, &; q) 



;f.f;g) 

{x;q)o. 



We generalize these polynomials in a way that preserves the structure of the linear problem these 
polynomials satisfy. This contrasts the approach in [121 where the degree of the recursion re- 
lation the moments satisfy is altered in a manner that introduces a parameter, t. However, in 
this framework, we have no t parameter, only translations on a lattice represented by bi-rational 
transformations. 

From the orthogonal polynomial viewpoint, there are some simple generalizations of these 
polynomials that allow us to extrapolate extra variables, for example, if we include a variable 
associated with a scaling of x. By considering polynomials specified by (|3.1[) and a weight function 
of 



(4.4) 



w(x) 



r tT I _X_ X_. 

h v ai'o 3 ' 



We choose a support in which the endpoints generalize (|4.2|) . hence we write the orthogonality 
condition explicitly as 



(4.5) 



L(pi(x)pj(x)) 



w(x)pi(x)pj(x)d q x = Si 



qai 
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This condition specifies the polynomials completely. We identify the moment integral, 



fJ-k = 



1/112 



X k Vj(x)dqX 



(1(1-2 



r.k + <T 



(ai ' as' 9 ) ( 



l d q x, 



as a special case of ()1.6[) where c = 0. Hence, we may write 



(4.6) 



fJ-k 



(1 - g)(g;g)c 
(<z CT+fc+1 ;<z)« 



(903) 



CT+fe + l 



2<Pl 



(ga] 



\<T+fc + l 



2<Pl 



03 „<T + fe+l 





<ja „er+fc+l 
ai ' y 



s; ■ 



gQ2 
Ol 



"2 



Note that when cr is a negative integer, (|4.6p truncates, leaving a rational function. 
We shall denote these generalized polynomials be 



Pn{x) = p n 



a\,a 2 



where the relation to the big g-Laguerre is given by 



P n (x) = —p r , 

Pn 



a, 1 
6,1 



,x 



A simple calculation reveals 



(x - ai)(x - a 2 )a 3 + q a aia 2 (x - a 3 ) 

Dq !X w{x) = V V r W{x), 

x(l - q)(x - ai)(x - a 2 )a 3 
which specifies spectral data polynomials as 
(4.7a) W — x(l — q)(x — ai)(x — 03)02, 

(4.7b) 2V = (x - a\)(x - a 3 )a 2 + q a aia 3 {x - a 2 ). 

The use of (|3 . 1 6[) and (|3.10p gives us that degf2„ = 3 and dcg'0„ = 2, hence we let 



(4.8a) 

(4.8b) 
where 



a n =yi 2 - ^x(a 2 a 3 + ai(a 2 + a 3 q a {2q n - 1))) 

+ ^q-^ 1 ( ai a 3 q n (a 2 q (q a + 1) - 2q n+ ° ((1 - q)T n + a 2 q)) + 2a 2 a 2 n ) 
©n = ~^TT X + 9™ +<T ai a 3 - (?r„ + gai + qa 3 - T n+1 ) 



r„ = -— = ^ 6,. 

Given the above spectral data polynomials and values of Q n and 0„, may take L n to be of the form 

Lo.n + Li, n x + L 2 „x 2 



Using ([222), we find that 
(4.9) 



det L n 



x - a 3 



a 3 (x - ai)(x - a 2 ) 
aia 2 q a (x - a 2 ) 
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We now preform a gauge transformation that will relate the system of g-difference equations satisfied 
by big g-Laguerre polynomials to a special case of the associated linear problem for q-Pv- The gauge 
transformation will be of the form 



Y n (x) 



so that Y n satisfies 

Y(qx) = A n (x)Y n (x), 

where A n (x) is of the form 

(4.10) A n = A ,„ + A hn x + A 2 , n x 2 . 

The determinant of A ni from this transformation, is given by 

(x - ai)(x - a 2 )(x - a 3 ) 



(4.11) 



det A r , 



q"aia 2 a 3 

It is a simple exercise write the matrix representation 

'0 



A, 



A X , n 



K 2 



( 



n 2 a n 



Kl 

q 

K 2 (l - q)T n 
-k 2 ai 



«3 



Kl = , 

a 2 

K2 



1 



7 n+tr 



where 
(4.12) 

(4.13) 

a\a 3 q' 

Before stating the value of A 0:U , it is useful to evaluate the ^4o,n's eigenvalues, Ai, n and X 2:7l . This 
will allow us to simplify the resulting expression for Ao. n - Firstly, note that the determinant of 
A 0tn , as found by letting x = in (|4. . is 

Ai, n A2,Ti = q a ■ 

Since W is divisible by x, the trace of Aq in terms of W, V, 0„ and 9„ is 

trA , n = Ai,„ + A a ,„ = n*(0) + 9 n _i(0)6 n _i + 0„_i + V(0). 
However, by examining x = in (|3.24b[) . we this expression to see 

(Al,„ + X 2 ,n) — (Al,n+l + A2, n +l) = 0. 

Hence, we may determine the eigenvalues of Aq^ by considering the initial values of Ao >ra , say Aq^i, 
in terms of the fik ■ Using this and the recurrence from (|3.12[) , 



a^fc+i = 1 {aia 2 a 3 /ik-iq 
for k > 1 tells us 



k+a+l 



k+a+1 



tr^o.n = 1 + q~ 



aia 2 a 3 qnk-i + axa^k + a 2 a 3 n k ) 
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hence, 

(4.14) A 1>n = 1, 

(4.15) A 2 ,„ = q-°. 

Remark 4.1. We suppose the linear problem for the orthogonal polynomial system, (|3.19[) . admits 
solutions of the form given by (|2.7[) and (|2.8[> . Since, by construction, (|3.19p admits a polynomial 
solution of degree n, for this to coincide with a solution of the form (|2.7j) . one Kj must be q~ n as 
e q- n .qi x ) °t x " ■ Similarly, either Ai or A2 must be 1 to admit polynomial solutions as ei. q (x) is 
constant in x. 

This allows us to write Aq „ as 



An. 



d n S n 



(r„-Ai., 1 )(r„-A 2 ,„) \ i \ 



where we have introduced variables 

_ (q - ljwiTn _ K 2 aj + a 2 qni 

q q 

K2 (b n - (q - l)r„ - qai - qa 3 ) 



^1 3 

q 

for convenience. 

We now state the change of variables that relates the coefficient matrix for Y n (x) with the 
coefficient matrix for Y(x). We note that in making this correspondence, the values of w, y and z 
must depend on n, hence we write w = w n , y = y n and z = z n . These values, written in terms of 
the ai and bi, are 



qui 

K2 ' 



a 2 



(4.16a) y n = ai + a 3 

(4.16b) w n 

(4.16c) zi, n = 01 - a 2 + a 3 h 21 n H , 

q k 2 Ki 

(4.16d) zi >n Z2, n = (Vn - axjiVn - a 2 )(y„ - a 3 ), 

with a corresponding factorization of (|4.16d[) given by 

(4.17) z hn = ("i-ttOfo-lfa), 

(4.18) z 2 ,„ = (y n - a 3 ) Zn. 

The above identification means z n in terms of T„, a„ and b n . We have identified that the q- 
difference equation satisfied by the Big g-Laguerre polynomials is a special case of the associated 
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linear problem for q-Py. Conversely, we may express the quantities, o„, b n and r„ as 
(4.19) a 2 n = qw n 

, . , , _ q (z n (k2«i (ai + a 2 + a 3 - 2y n ) + qn\ + w n nf)) 

(4.2U) b n — h Zi tn 

Z n KiK2 



(4.2i) r„ = 



g-i 

As naturally suggested by the previous sections, there is one choice of deformation which 
shall give rise to q-Py. We consider the relation between polynomials associated with (|4.4p and 
polynomials associated with 



X a f-2-,-2 

(4.22) w(x) = - v 



^9 

This gives us spectral data polynomials of 

(4.23a) R(x) = a\{x — 902), 

(4.23b) S(x) = a 2 (x - qa x ). 

This data is sufficient to deduce the associated 3>„ and 5„ as 

(4 24) ^ = Q2-Tp» + "2Pn (r n - T n - gOlJ ^ ^ifr 

pn Pn Pn 

(4.25) $n= «2Pn_OlPn 

This reveals that the transformed equation is of the form 

Ri, n x + i?2,n£ 



R n (x) 



(x - qai)(x - qa 2 ) ' 



where R\ is diagonal. However, we note that by construction, the leading behavior of a column 
solution is given by 

x n + O^™" 1 ) \ _ R{x) ( x n + Oix 11 - 1 ) 
■ n - 1 + 0{x n ~ 2 ) J ~ TV~\ ix"- 1 + 0(x n ~ 2 ] 



This forces R\^ n to be qa 2 l ■ The remaining entries are simply determined from the correspondence 
between r„, and b n with y n , z n and w n . We may divide R n {x) by qa 2 to obtain an equivalent 
representation to that of (|2.16[) and (|2. 18|) . The evolution of y n and z n are then determined by 
theorem 12.11 

We note that this deformation of polynomials is not constrained to the above deformation. We 
may decompose this deformation into a group of deformations in much the same manner. This 
implies a certain structure inherent in the weight. Each deformation is equivalent to a deformation 
of the connection data. This is outlined in table [TJ 

The specification of the polynomials, R and S, completely specifies the evolution. Note that 
we have one more translation available to us, namely the translational component that defines the 
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R 



S 



„rr+l I _x_ x . 



M 



a i 



CI 2 

l<2 



as 

Ai 



qai ' a 3 ' 9 



qai a 2 a 3 

ki f X, X 2 



1 - 

<?<13 



TZ 

\ ai 



-;q 



ai a 2 <?a 3 

fti ^ Ai A 2 



1 



1 



( _X_ _X_ . 

I ai ' 0E3 ' 



- 

V qa 2 



ai qa 2 a 3 

Y «2 Ai A2 



Table 1. A tabic outlining the affect of changing the weight by some rational 
factor on the associated monodromy data. 



n — » n+ 1 evolution, specified by (|3.5[) . This is not given by the specification of a set of polynomials, 
R and S, but has the effect of keeping the weight constant, and 



T„ 



cii a 2 a 3 ai a 2 a 3 



ki n 2 Ai A 2 ) } qui ^ Ai A 2 



Furthermore, by specifying that A2 = 1 remains constant, this condition is equivalent to the quotient 
group seen in §2. We now may specify the correspondence between the transformations of §2 and 
the deformations of the polynomial: 

Tq = T a2 o T a3 , 

Ti = T ai o T" 1 o T- 2 2 o T- 1 o T~\ 
T 2 = T a oT-\ 
T3 = T ai o T a2 , 

T 4 = Tq 1 o Tf 1 o T 2 l o T 3 _1 = T ai o T a2 . 

We also note that each of these combinations of weight deformations and recurrences that appear on 
the right hand sides must be a copy evolution of g-Py since the Dynkin diagram automorphism may 
be used to express any of translational components in terms of just one translational component in 

Finally, we remark that we may use the above framework to solve g-Py in terms of Hankcl 
determinants 

^ii+i S„ qn\ 



(4.26a) y n = a x + a 3 

(4.26b) z 



qA n+1 A„ k 2 ' 
9«i A l (yn - ai) {Vn - a 2 ) 



mA„ (qA n (y n - a 2 ) + (q - 1)£„) - k 2 A„_i A n+ i ' 
where A„ and S n are given by (|3.2p and (|3 ,3|) repsectively, is given by 
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5. Discussion 

The paper hopefully sheds some light on the correspondence between the symmetries of the 
q-Painlcve equations and their associated linear problems. This work also shows that there is 
an intimate connection between the basic hypergeometric and rational solutions of the g-Painlcvc 
equations and the associated linear functions admitting polynomial solutions. We have briefly 
touched on the asymptotic form of solutions of irregular systems of g-difference equations, yet 
this work exhibits all the characteristics required to pursue a similar analysis for other associated 
linear problems. For those working on the derivation of g-Painleve equations from an orthogonal 
polynomial system, this work should provide some insight into what combination of transformations 
of the weight and recurrences in n give rise to known discrete Painleve equations. 
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